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Starting Point

Where Nanostructures for Quantum Technologies
Quantum Optics

What System Photonic Crystals + Moiré Patterns

What Goal Photonic Cavities; or other interesting properties

CAYAL

lllustrated with Dall-E Cao et al., Nature 556, 80 (2018)



Current Research on Photonic Moiré Crystals

2011, Bistritzer & McDonald (electronic; the starting point)

Continuum k-p model around graphene Dirac cones
Found: Magic Angles

2021, Dong et al. (photonic continuum) | 4
Photonic analogue of BM-Model o s 0=107

2021, Tang et al. (photonic tight-binding) 4000 0 1000-200 0 200

E[meV]

Bistritzer and MacDonald, PNAS 108, 30 (2011)
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Photonic Crystals

Dielectric Material + Periodicity = g(x)

periodic in periodic in periodic in
one direction two directions three directions



Photonic Crystals

Rectangular Lattice

Square Lattice

(@) (@)
a;

Centered-Rectangular Lattice

@ rectangle corner

@) @) { © centering site

Hexagonal Lattice

Oblique Lattice



Photonic Crystals

Maxwell’s Equations + Time-Harmonic Fields
H(x,t)= H(x)e !

Photonic Master Equation

V% (%ﬂ)v . H(a:)) Y Hw),

This is an Eigenvalue Equation: Ap(z) = ABY(z), = —




Photonic Bands

Photonic Master Equation

Y x (%v e H(a:)) _ Y H(x),

Periodic Media: e€(x + T') = e(x) Bloch’s Theorem: H_; (x) = e*®u_, (x)

Photonic Band Equation




Photonic Bands

Photonic Band Equation

c2 unk<w)7
GO 3 — TM — TM
B TE TE
N
e - o~
f3B 0.6 ) .
- 7 Full gap
LC) 0.4 ™™ gap
g —
M
80.2 oo 0 M_K
L|L_ T X | @ @
O 0 ® 0 ©
| X M M



|\/| Oi ré Effe Cl Day-to-Day examples: Images of periodic patterns

JH)

Images from the web: Reddit [1], Photography Blog [2], Wikipedia [3]



(Two) Twisted Bravais Lattices = Moiré Lattice

A s

.




(Two) Twisted Bravais Lattices = Moiré Lattice

® = 5° Twist

“Twisted Bilayer”

Square Triangular
 § ° |
Lm
L1 L1 .
Lm
L>
O [ ]
L>
& L
Monolayer Monolayer
a>z a,
[ =
L.: L.
o—p
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Intuition: Apply the monolattice workflow

Geometry / Lattice (analytic) Discretization (numerical) Band Diagram

solve —

Not possible: Computationally AND Conceptually

11
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Needed
Commensurability
Moiré Lattices

are generally
Quasi-Periodic



Computational Bottleneck

1 px/a (841 px total) 2 px/a (3.4k px total)

64 px/a (3.4M px tota

Fll'i..iii]‘ll’l
3% ansddy
Lt ueeaand il
LS nndfdd
:.5!&.-.:
|." ‘: b hy
Y L1111y
. 1113
e 44
18 age
44 serdi
e enpd
i 'i' e agd
% *ALL
s - o paomusvageas g
5 ';;- ] gy
*,ss"_ --0‘:;
e b :::1'
tideves HH santh
[ TETLX. = -

® = 2° twisted square bilayer

Moiré Grid Size

X X
N, grid — 2 X — ~ g
a a v,
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Ansatz for a New Description:
Recognizing Two Scales

Square
Scaling Parameter
‘ .
Lm
L;
Dimensionless Coordinates
O [
L
Monol r
roa e(x) — e(r,R)
' !
o—ba i

=2 «1
77°—L
€T €T
= — R::—
" a’ L
R =nr

14



Recognizing Two Scales

®(r,R) =cos(r)cos(R) , R=nr

v 11 —— cos(r) cos(R)
©
-
)
= 01
o
-
<

_1-

Separated scales

o 11 cos(R)
'g cos(r) (n=152)
-
= 01
o
-
<

_1- 4 Y

0 /2 n 3n/2
R
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Envelope Approximation

Photonic Master Equation

V X (?{B)V X H(a:)) = C‘J—2H(:1:),

Multi-Band Envelope Ansatz

N
Hyopql(r, R) % €507 3 F o (R}t (s R).

=1

16




Result: Effective Hamiltonian

Effective Hamiltonian

g~ N+ nFH, +n?H,

H

€

}[eff-fq — >‘fq

17



= =
I o

=
N

normalized frequency a/A
I o o
N (@) oo

©
o

How to Use the Envelope Approximation

ﬂefffq — )\fq

Representative TE band diagram and manifold selection

higher bands
not computed for Q

_—

chosen carrier point kg

E iremote bands / Q-space |

=
o

/

—

—— active retained manifold P’
\ \ (here, bands 2-4 at ko) |

/

o
I

. e ——
[

I
!
- retained manifold/bands (computed)
—— remote bands (computed)
higher bands (omitted)

: —_——

X M r

w (a/2mnc)

Example Data — TM at K, 50 lowest modes

0.5 1

0.3

0.2 1

0.1

0.0

|

|

| :

i =

: —_— 04~
N

T —

|

EA

DOS (arb. units)
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Problem: Data is unavailable

Missing term Why MPB cannot provide it

o)

o MPB is matrix-free and never builds the operator explicitly; inner products

velocity matrix elements are inaccessible.

Mgl Requires off-diagonal couplings between retained and remote bands;
inverse mass tensor blocked by matrix-free architecture.

Els_lEi The e~ !-weighted overlap needs the explicit dielectric operator; MPB does
Born-Huang potential not expose it.

Registry sweep MPB’s geometry setup penalizes dense registry computations.

throughput

19



Solution: Blaze2D
A New Custom Maxwell Solver

P pip install blaze2d

Method: Plane-Wave Expansion
+

Algorithm: LOBPCG
+

Language: Rust ®

20



Frequency (c/a)
o o o = =
NAN (@) oo o N

o
N

©
o

Validating Blaze with MPB

TM bands

~——— MPB
| - - Blaze2D \\
e —
\\ w

§/ :
\\// ;;:
/\\/> :
\)‘O ;-)'

s N

r X M r

© © © © = = -
N N o o0 o N IS

o
o

TE bands
B
= ==
I~
B
e N\
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Blaze2D

MPB

Validating Blaze with MPB

Band 1 Band 2 Band 3 Band 4 Band 5 Band 6 Band 7 Band 8
w=0.322 w =0.549 w = 0.549 w=0.694 w=0.922 w=0.922 w=0.982 w=0.990

HHI1$Z a0
HIH® I EEE

22
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lu]?> (normalized per band)



Wall-clock time (ms)

Benchmarking Blaze against MPB

Single-core timing Multi-core timing (64 jobs)
/= MPB =1 MPB (16 proc.)
I Blaze2D (mixed f32) 1978 wn I Blaze2D (16 threads)
2000 | mmm Blaze2D (full f64) £ 2500
<
=
© 2000
1500 <
&
o 1500
1000 A g
% 1000
L)
O
500 - =
o 500
=

™ TE SqT™™ Sq TE Hex TM Hex TE

23



We can compute the data.

What now?

24



Building the EA Hamiltonian

—

}[ f — )\f Example Data — TM at K, 50 lowest modes
effJ g q

| /
~——
. . 0.3
scipy.eigsh °
H e S
3
0.2
0.1
00 EA DOS (arb. units)

B 25



3

Discretization (numerical) Band Diagram

Building the EA Hamiltonian with Blaze2D

Geometry / Lattice (analytic)
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2-Atomic Crystal Approximation
Moire Unit Cell

(L, ~ 28.6)

Square Bilayer - 2° Twist
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2-Atomic Crystal Approximation




2-Atomic Crystal Approximation

Moire unit cell

B SO K R h Ee PP OO OFTTOIVIUCESETSI VT ETEE

P T 00 PIPOVECETOIV T CTTY

0000000000000 0000000000]
.......................'
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Local crystal at R,
6/a=(+0.20, +0.30)

Local crystal at R,
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Local crystal at R;
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0
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L
5 0
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o]

_‘
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One Concrete Example

The Hunt for Magic Angles

29



One Concrete Example

Monolayer TM bands — retained / remote / excluded subspaces

1754 — Remote Excluded _
' Retained (Dirac) 1 Airrod (=1

Monolayer photonic crystal — 3x3 tiling (TM, € bg = 3.78, air rods)

= —_—

R = o ./ ./ &
S & & & 4

» |/ I/ e &

yla

Frequency wa/2mnc
o o = = =
ul ~ o N U
o 6] o 6] o
| | | | |

0.00 . : -1
r M K r x/a
Wave vector
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y/a

Moiré registry cell — twisted honeycomb bilayer, 6=2.0°

One Concrete Example

25 i 0.0 "
O IR R LU
& 9.2 P APRTARTS 060,
/s PP APPSR %80,
/S PSS SRR ,9,8,8/
‘b-?.’ P PP ol R0 ‘*gm o
& 5P 6P6%% %% X3
o008 9292 9°6%0%0 %% % >
kel f;&‘:‘:‘:‘:‘:’:‘:‘i\\
SeSolobeBotelol 963030 000 e
9e808eBotebolatalebot 80969660659000005050 0504848 §.8.8
9020809 i ! ' ' ' ' ' 8 009090%0%0%90%9%® ' ' ' !
tenistshliblhllltdssnldtdld g
8eses8aty ‘X,...,:,:,:,.,:,.,S’
et T
%% R Lo Lo T To T fn Fu U S U
o8
%‘;%: °-.$w“ ® Llayerl (-6/2=-1.0")
X é@?&&w‘ © Layer2 (+6/2=+1.0°)
0,0.95050505080808 Oof
..:3:‘! it r;’:;‘:;:g:s:s:s::m - Moiré cell (L,,=28.6a)
o PO §98°8°5°5252020202680! 32x32 registry sampling
29
X/a
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Frequency wa/2nc

=
(@)
I

=
B
1

[
N
|

=
o
I

o
00
I

o
(@)
I

o
B
1

©
N
I

o
o

MY

One Concrete Example

Eigenvalue landscape over the moiré registry (K-point, 32x32)

RO A VAVAVAVAVAVAVAVAVAVAVE 2 Ahdnd

o

256

512

768

Registry index (32x32 flattened)

1023
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One Concrete Example

Raw Hamiltonian coefficient magnitudes — Dirac TM candidate
m
."é’ 30 -
5 26.79
) 4
E 25
>
c 20+
()
A=)
D 15-
'
=10 9.02
— 7.50 7.58
5.83
N : 5.37
0- - —— -
N V x Vy M-1, M-1y, q)_BH Ax Ay
Potential Velocity Inv. Mass Born-Huang Berry Connection

33
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One Concrete Example

Honeycomb air rods ¢,;=3.78, r/a=0.41, TM at K — 50 lowest modes
6=1° 6=2° 6=4° 6=8°

0.88 - - - -
u 0.87 4 - - -
= -
N I
S~~~ —_— ——
© — [
3 — = =
> s ——
O 0.86 e T I T — T —_—
c —_— —— = —
@ — ] —
.} —— —
o - fr—
() ——
| - E— e
L 0.85- . 4 4 —

0.84 - . . .

FDFD FDFD EA FDFD FDFD EA FDFD FDFD EA FDFD FDFD EA

1 px/a 16 px/a 1 px/a 16 px/a 1 px/a 16 px/a 1 px/a 16 px/a



Magic angle hunt — honeycomb Dirac TM (bands 2-3, band_lo=2)
(Ns=32, Nb=2, 20 modes, 9 k-pts, 284 angles, 6 € [10.0°, 20.0°])

0.006 A

0.005 A

0.004 ~

0.003 4

Bandwidth (c/a)

0.002 A

0.001 A

0.000 +

—o— Mode 0 #—- Mode 3 Mode 5
Mode 1 Mode 4 == RMS BW (all 20 modes)
Mode 2

0.05 4

0.04 4

0.03 1

0.02 4

Bandwidth (c/a)

0.01 A1

0.00 4

—¥— Total spread (max—min all modes & k)
—&— Mean BW (avg per-mode)

0.0 2.5 5.0

7.5 10.0 12.5 15.0 17.5 20.0
Twist angle 6 (°)
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Conclusion & Outlook

* New framework is hard to compare
* No experimental data

* Accuracy regimes must be tested
* Subspace selection might be too restrictive

* Novel framework with rich exposure of physical quantities
* Arbitrary k-points, bands, angles™, lattice types

e New 2D Maxwell Solver

37



summary

Square Triangular
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:::::::"""'Ll :::::::::
- LTI T I I I TN Monotayer ¢ 4%t NS TS onotayer
periodic in periodic in periodic in Tise@ennsts i SRR H |
one direction two directions three directions S Pt Avecssppsest t
Photonic Master Equation et
1 w?
V x (—VXH(:B) =—2H(w), - ,
1000 O 1000-200 O 200 e(z) c Moiro unit ol Legmelay oy tloma
E[meV] ‘/.
.’ .\5.
Geometry / Lattice (analytic Discretization (numerical Band Diagram . . .
Y (analytic) ( ) g Effective Hamiltonian » o .
2
A
Hog ~ A+ + nH,
solve -
®(r,R)=cos(r)cos(R) , R=nr Representative TE band diagram and manifold selection
o ! — cos(r)cos(R) 1.6 g e e | chosen carrier-pointko Example Data — TM at K, 50 lowest modes
_g ] 05
= = ,
€ :1.2 |
< _1 8 remote bands / Q-space |
910 !
o " ..
Separated scales - e S S : ) 3
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Electronic Crystal vs. Photonic Crystal

Graphene

Photonic Honeycomb Crystal

I Dielectric (e=12)
“ I:IAirhoIe (e=

“Microscopic”

Photonic Master Equation

V x (%T;)v X H(a:)) - 2 H(z),

“Macroscopic”
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Computational Bottleneck

10°

105_

101 _

100_

Reference Solvers: MPB (MIT Photonic Bands) & FDFD (Finite-Difference Frequency-Domain)

RAM and compute time

Twist angle 0 (°)

S -10°
100JB
~*0=0.1°: 112 TB ;
X - - 108
_ - year:
man 0=0.2°: 29 TB -
: » 1107~
1 montht GE)
|17B o=171TH 1 weeki 1085
)]
256 GB 1 d: 5
dy_105 o
32 GB g
NG i 4
—— MPB RAM 6=10° 11:6.GB_ 1 h: 1070
FDFD RAM .
| 103
MPB time
FDFD time >
”]fminglO
107! 10° 10°



Twisted Bilayer

EEs

% 3 . .,”.fmmmﬁﬂlﬂnﬂﬂﬂﬂ

.
'”“ '.m' et
FeReEs Reee

'“‘""M " hp e
"""“ml” Lt

Raeyaary - e
PSR bt
rea, PP

e

e e
i - 123

t

® = 5° Twis

: +aa

44—

2

Monolayer
a

Oblique

Rectangular
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Validating Blaze with MPB

TM polarization TE polarization
10731 ]

8 Band 1 —e— Band 5
C — Band2 —e— Band©6
% o —o— Band 3 Band 7
v —e— Band 4 Band 8
g o—
[
= 10741
()]
=)
() WQ
0 /
2
©
(O]
| -
wn
z 10—5_
o

8 16 24 32 48 64 96 128 8 16 24 32 48 64 96 128

Resolution N Resolution N
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Ansatz for a New Description

Square
Periodic Media: s(az + T) = E(ZL‘) . 2 .
Bloch’s Theorem: H_, (x) = e*%u_, (x) :1
AT l o
e(fr,R+L)=c¢(r,R)
Fq(R) = 677, (R) : ‘ i

44



Full TE Effective Hamiltonian

n° zeroth order 7' first order 7% second order  band energies group velocity Berry connection inverse mass tensor Born-Huang potential
LA o 4o 4
5 (A0 +0l A4

1 .
+ 5+ 5 0m,0 + 5

first-order remainder —+UY

Heoge = A +7 5 (U(i) 1; + 11 U(i))

band energies

group velocity - covariant momentum

+Eje Jr(KT K)j)_g)iKi_ffiTRQjeJrggTRQg;_ngRQgng @) +0(n?)
Lowdin scalar slow-coefficient scalar

Born-Huang

Lowdin 1-deriv. cross

1

2 T M=111
+n o i iy L
——

inverse mass tensor + (Léwdin downfolded)

direct 1-deriv. remainder

where
velocity matriz elements and TFE velocity operator (action on a test field ¢)
(i) _ s -1 -1
Umn = <um’Viun>Q7 Vz(p_ 1 ‘Z)'ri(E (10)+€ DmQO
out-of-subspace frame leakage and first-order scalar remainder

M iUtV E, + Ut (95,e7") D, U]

gauge-covariant slow momentum, slow covariant derivative, and Berry connection (in P-space)

—iD;,, D;=Dp —iA,, A =iUtdpU

Lowdin-corrected inverse mass tensor; bare metric G, = (U,,,€  u,)q

(4) (4, (@) = =1) — _

~1 _ Kvﬁn YUmeVen 2, =Q0pU, EJ=

M)  =26,G i
Z )‘m - )‘E
Lowdin coupling operators (P-Q channels) and reduced resolvent
-1
(0)

Lrg — )‘ref Q

zgp An

mn
direct second-order scalar (no Lowdin); slow-dielectric variation of the basis

=—iQVU, Fq=|Q (4

K,=Ule 15,

m> OR, (5_1 6Riun)>ﬂ

~_weighted form is evact)

(2) — _
an - <U
1=,y
Born-Huang leakage potential (€
Ej e 1=, Uy~ EI =, (unweighted approximation)

Lowdin scalar feed (drives the Ry R corrections)

R=-Q[iVE + (0ge) D, U]

U(R): retained Bloch frame, columns u

P =UU' (retained-band projector) | @ =1— P (remote complement)

UBH,exact =

0,, +1ikg; (fast cov. deriv.) | Dp =0p +1ig; (slow cov. deriv.) | ¢: smooth test field |

<.7.

Lowdin remote-band pieces

)q: fast-cell inner product



Limits of the Two-Atomic Crystal Approximation

D
II.
8

ifa
L 4
Ot

|

()

|

9 @
}hnonf

00,0

"s’

'R ERE DA
ssceeee
FrFrrYYYY
0%0"919:9,9,9 .9

@

o
i
S
o>

Q000048
0000009
000008
' XXXXXrx,
YYYYY Y,
I NYY Y Y,

aaane@®O®

ow
dooasy

do0ea
geeo0d
o000
VW0

II’
?i
@
) &
-—

(0
(1)

g
%
°®
8
¢
o

ec @O
o0H
KN
L L X

L LI
'y X X
000
o000
UL T

“o0e®

}

i N=2
nnni N=4
W N=8
IR AR AR A nnRnn N=16
I R R A A AR RNy =22
weak contrast: n,/n1=1.4 strong contrast: ny/n; =3.0
Periods N
N=1
N=2
N=4

~
0]
(9)
c
©
)
=
-
0n
c
©
—
|_

“w

Y =Aw/wo
= 0.67

06 07 08 09 10 11 12 1.3
Normalised frequency w/wgragg

1.4

0.6
Normalised frequency w/wgragg

46

07 08 09 1.0 1.1 12 13 1.4



Dielectric contrast ¢
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Limits of the Two-Atomic Crystal Approximation

Two-Atomic Crystal Approximation: Accuracy Zones
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Twist angle 6 (degrees)
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Conceptual Mismatch

commensurate square bilayer (6 = 8.0°)

Tiling a non

(d) True lattice, same area as (c)

(c) 2x moire period, tiled 2x2

(b) True lattice, same area as (a)

(@) 1x moire period, tiled 3x3
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point, TM Eigenvalue Surface

Dirac K

Dirac band pair — eigenvalue surfaces

azimuth 35°

azimuth -55°

azimuth 215°

azimuth 125°
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Dirac K-point, TM Band Contribution

Moiré eigenvalue ladder — 6 = 3.95°
(band _lo=2, Nb=2, TM exact)
1x1 Nr-only 2x2 tiling
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0.752 + .

©
~
ul
o
1
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0.748 + .

Frequency (c/a)

0.746 - .

0.744 - .

0.742 ~ 1

P Dirac | (band 2) Dirac T (band 3)
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Bandwidth (c/a)

Dirac K-point, TM Angle Scan

Honeycomb Dirac TM — mini-band bandwidth vs n (low-angle)
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0.86105 A

0.86100

f (c/a)

0.86090 -

0.86085

f (c/a)

0.86095 1

6 =0.010°, n = 0.00017

r M K r

6 = 1.466°, n = 0.02558

0.8610 -

0.8608 -

0.8606 -

0.8604

0.8602 -

0.8600 -

Dirac K-point, TM Minibands

6 =0.075° n =0.00131

Dirac mini-bands: honeycomb TM (bands 2-3, low-angle)
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0.86009 -

0.8608 -
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M K
6 = 3.500°, n = 0.06108
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M K
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0.855 A

0.854 ] /\//\—/
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Envelope Approximation: Two Scales in k-Space

Bmoire

(=ko)

M/

g
74

Bmono
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How to Separate Two Scales: Projection

Amplitude

Amplitude

1 [ cos(R) [*7 1
P = — cos(r)®(r, R)dr = cos?(r)dr = = cos(R
(c0s(r) Boary = 5z | - con(r)@lr, Rpdr = 5 [ cost(r)ar = 5 cos(R)
®(r,R) =cos(r)cos(R) , R=nr
—— cos(r)cos(R)
\/\/\/\/\/ Generally
' ' 1
Separated scales <g, h>Q = ﬁ/ g*(r; R)h(r, R)d’l“
cos(R) Q
cos(r) (n=52)
/2 3n/2 2n

Po =R



LOBPCG Search Subspace

eigenvector preconditioned
candidates residuals
=
S
; =)
a2 LFias
= fw
2
Q
=

Rayleigh-Ritz
projection

>

Nband"‘2 Nband"‘2

3 X (Npang+2) trial vectors total

XTAX | XTAP | XTAW

PTAX PTAW

WTAX | WTAP | WTAW

small, dense
eigenproblem

(Z+PU*IN)€
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Effective Hamiltonian — What’s inside?

Term Order Physical meaning

A n° Local photonic band energies of the two-atomic crystal at each
band energies moire position.

%(fv(i)ﬂi + Hiv(i)) nt Band slope at kj: how fast modes propagate across the moire cell.
group-velocity drift

A, nl-—n? Geometric gauge field from the Bloch frame rotating as registry
non-Abelian Berry connection varies.

%HiMiglﬂj n* Band curvature at k;, dressed by virtual transitions into remote
inverse mass tensor bands.

ETE_IEZ' n? Energy cost of the active Bloch frame leaking into remote bands as
Born-Huang potential R varies.
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Moiré Effect — Scientific Use

Strutt (Rayleigh) et al., Philosophical Magazine 47, 81 (1874)
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